Based on Riccati transformation and the inequality technique, we establish some new sufficient conditions for oscillation of the second-order neutral delay dynamic equations on time scales. Our results not only extend and improve some known theorems, but also unify the oscillation of the second-order nonlinear delay differential equation and the second-order nonlinear delay difference equation on time scales. At the end of this paper, we give an example to illustrate the main results.
Introduction
The theory of time scales was first proposed by Hilger [1] in order to unify continuous and discrete analysis. Several researchers have made greater contributions to various aspects of this new theory; see [2] - [4] . The new theory of dynamic equations on time scales not only unifies the theories of differential equations and difference equations, but also extends these classical cases to cases "in between", e.g., to so-called q-difference equations where { } . In recent years, there has been much research involving the oscillation and nonoscillation of solutions of various equations on time scales such as [5] - [18] . In this paper we study and give the sufficient conditions for oscillation of the second-order neutral delay dynamic equation ( )
where L is a positive constant.
In addition, for the sake of clearness and convenience,we will use the notation
in the following narrative. It is well known by reserchers in this field that an dynamic equation is called oscillatory in case all its solutions are oscillatory, and a solution of the equation is said to be oscillatory if it is neither eventually positive nor eventually negative. We only discuss those solutions x of Equation (1.1) that are not eventually zero in this paper. Moreover we refer to [3] [4] for general basic background, ideas and more details on dynamic equations.
Because of ( ) 0 a t > , we shall consider Equation (1.1) respectively based on the case
and the other case
Several Lemmas
In this section, we present and prove three lemmas which play important roles in the proofs of the main results.
Lemma 1. ([16])
Assume that : τ →   is strictly increasing, 
We give the below lemma and prove it similar to that of Q. 
Proof. Assume ( ) 
Based on the above inequality (2.5), we get
After integrating the two sides of inequality (2.6) from t 2 to
When t → ∞ , we get ( )
2) and the above (2.7), which is contradictory to ( ) 0 z t > . So the above hypothesis of
In other words, we get
This completes the proof. □
Main Results
Now we state and prove our main results in this section.
Theorem 1. Based on (1.2), assume that the conditions (H 1 )-(H 4 ) hold. If there exists a positive nondecreasing
1 ,
Proof. Assume that (1.1) has a nonoscillatory solution x on [ ) 0 , t ∞  . We may assume that ( ) 0
. By the definition of ( ) z t , it follows ( ) 0
, and
t r t x t z t r t z t r t z t t t
The proof that x is eventually negative is similar. By Lemma 3 we have 
Using (2.2) and (2.3), we have
Next we define the function ( )
, .
From the basic knowledge of the time scale calculus that you can see in [3] , we obtain ( ) ( 
a t z t a t x t r t x t q t f x t
On the other hand, because 
Using (3.7) in (3.6), we have ( ) 
where ( ) ( )
Proof. Assume that (1.1) has a nonoscillatory solution x on [ ) 0 , t ∞  , then it is neither eventually positive nor eventually negative. Without loss of generality, we may assume that ( ) 0
t r t x t z t r t z t r t z t t t
The proof is similar when x is eventually negative. Since ( ) ( ) ( ) 
Case (I). The proof that
is eventually positive is similar to that in Theorem 1, so it is omitted here.
Integrating (3.11) from t (t ≥ T) to u (u ≥ t) and letting u → ∞ , we have ( )
t s a t z t t a t z t t T a s
and thus (3.12) to Equation (1.1), we find ( ) 
Integrating (3.13) from T to t, we have ( ) 
.
Next integrating (3.14) from T to t, we obtain 
. 
1 . 
It is easy to see that (3.1) is satisfied as well. Altogether, the Equation (4.7) is oscillatory by Theorem 1.
